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 I BAB  
NAULUHADNEP  
1.1  gnakaleB rataL  
 kutnu nakisakilpaid tapad gnay edotem utaus nakapurem iladnek iroeT
s utaus irad naadaek rutagnem nad nakiladnegnem i mets  .  gnay metsis utas halaS
 tapad naaidesrep metsis halada rutaid nad nakiladnekid  .  ulrep gnarab naaidesreP
 naka gnay kaynab ulalret kadit gnarab naaidesrep takgnit raga nakiladnekid
 uata ayaib nakakgnebmep nakbabeynem  gnarab naaidesrep takgnit  tikides ulalret
narukek nakbabeynem naka gnay .naaidesrep nag   
 napmisid gnay gnarab iagabes nakisinifedid tapad mumu araces naaidesreP
 .gnatadnem utkaw adap laujid uata sesorpid kutnu nakanugid nupuata  naaidesreP
gnem gnadak naahasurep adap gnarab natakgninep nad nanurunep imala , 
p  tapad nanurune  utkaw aggnihes iskudorp sesorp naracnalek tabmahgnem
 natakgninep ,aynkilabes utigeB .uggnagret nemusnok ek gnarab namirignep
nerak nasorobmep nakapurem naaidesrep ayniggnit ulalret nakbabeynem a   ayaib
sureP .gnadugid gnarab nanapmiynep gnem tapad surah naaha  ruta   aynaidesret
 .gnarab naaidesrep nailadnegnep ulrep aggnihes gnarab utaus  
 nagned iskudorp naracnalek nagnitnepek aratna halasam tapadret uti nialeS
 rotkaf nakapurem pukuc gnay gnarab aynaidesreT .naaidesrep nanapmiynep agrah
p naracnalek malad gnitnep  paites ,uti anerak helO .naahasurep iskudorp sesor
 ulalret nagned ipateT .ukab nahab nakaideynem kutnu tutnutid naahasurep
 nad nanapmiynep ayaib ayntakgninem tabikareb tapad naaidesrep aynraseb
.nasorobmep lucnum  
naitilenep aparebeB  iroet naparenep gnatnet   asib naaidesrep adap iladnek
 naitilenep utiay tubesret lah nagned natiakreb gnay naitilenep lanruj malad tahilid
 kkd idnaffA idraP lanruj adaP .)5102( kkd idnaffA idraP helo nakukal gnay
 metsiS irad lamitpO iladneK ” gnatnet sahabmem yrotnevnI  ineP nagned  natakgn
 aguj amas gnay nasahabmep nagned nial naitileneP .”gnaraB nanuruneP nad
 “ halada )8002( kkd jdaT iftoL helo nakukalid  yrotnevnI na fo lortnoC lamitpO
smetI gnitaroireteD dna gnitaroilemA htiw metsyS  tubesret naitileneP .”
d akitametam ledom sahabmem  imalagnem gnay naaidesrep halasam ira
 I-2 
 
 gnarab naaidesrep kutneb nakiaseleynem atres gnarab nanurunep nad natakgninep
ggnem tubesret amitpo iladnek kinket nakanu D .l  ini naitilenep malad na
 .aggnihreb utkaw kutnu gnarab nanurunep nad natakgninep sahabmem  adaP
 )8002 ,jdaT( aynledom ifednem  isgnuf nad kimanid laisnereffid naamasrep nakisin
urunep nad natakgninep susak kutnu naujut natakgninep susak adaP .gnarab nan  
narab gnarab naaidesrep ledom naujut isgnuf ,g  pid  ayaib helo ihuragne
nanapmiynep  ned naklobmisid gnay  nag
 
�  nautnenep sesorp ,aynnaitilenep adaP .
gned tapadid iladnek isgnuf bmem na L nad notlimaH naamasrep kutne a egnarg   
p uti aratnemeS  naitilene lamitpo iladnek  helo  inairbeF  )8102(   sahabmem
“  gnaraB naaidesreP halasaM adap lamitpO iladneK  naatnimreP isgnuF nagned
 kutnU reiniL kutnebreB aggnihreB utkaW .”  naitileneP  tubesret   kutnu nakanugid
 iracnem  takgnit iskudorp   gnarab naaidesrep ledom kutnu lamitpo gnay gnarab
gnay   imalagnem  kutnu reinil kutnebreb naatnimrep isgnuf nagned nanurunep
 utkaw aggnihreb  kanuggnem nagned d laisnereffid naamasrep na i kiman  isuloS .
rad p i d laisnerefid naamasre  kimani  iladnek isgnuf kutnebmem kutnu nakanugid
nem gnay gnarab naaidesrep ledom  naatnimrep isgnuf nagned nanurunep imalag
 utkaw kutnu  reinil kutnebreb  gnihreb ilanaid ,ayntujnaleS .ag  nalibatsek as
.kimanid naamasrep  
 nanapmiynep ayaib neisifeoK  kutneb nad reinil kutneb idajnem igabret
 ilha arap helo nakanugid gnires tagnas gnay isgnuf halada reiniL isgnuF .reinilnon
 nad sisilanagnem malad sinsib nad imonoke halasam nakhacemem -  halasam
id tapad  sinsib nad halasam nakaynabek nakanerakid ini laH .imonoke  
ek nakanahredes  ynutas halas nad reinil kutnebreb gnay ledom malad  halada a
 halasam adap  ayaib nanapmiynep  .  
 “ ludujreb gnay )3102( arhsiM ramuK doniV adaP nI nA  fo ledoM yrotnev
 emiT rof etaR noitaroireteD elballortnoC htiw smetI gnitaroireteD suoenatnatsnI
tsoC gnidloH dna dnameD tnednepeD  irad akitametam ledom sahabmem ”
rep halasam natakgninep imalagnem gnay naaides   ayaib nagned gnarab
nanapmiynep  b asrep kutnebre P .reinil naam naitilenep ada  ini  ,  silunep  nigni
isgnuf haburem  nanapmiynep ayaib naujut  y lanruj adap  jdaT iftoL helo silutid gna
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kkd  nagned   isgnuf reinil  nanapmiynep ayaib  iV lanruj adap ada gnay don  ramuK  
arhsiM . 
 ,sataid nasalejnep irad nakrasadreb akaM  gnay naitilenep awhab helorepid
eb utkaw nagned unitnok araces nakukalid )8002( kkd jdaT nakukalid  ,aggnihr
 naitilenep inairbeF  102( 8  araces nakukalid ) unitnok   nad aggnihreb utkaw nagned
nem kutnu  lamitpo gnay gnarab iskudorp takgnit irac  nakanuggnem  naamasrep
kimanid laisnerefid .  naitilenep nakgnadeS )3102( arhsiM ramuK doniV   gnay
sahabmem  rep halasam irad akitametam ledom  imalagnem gnay naaides
natakgninep  nanapmiynep ayaib nagned gnarab  b  .reinil naamasrep kutnebre
 nakukalem kiratret silunep aggniheS srep susak gnatnet naitilenep  gnarab naaide
 utkaw adap  nanapmiynep ayaib naujut isgnuf itnaggnem nagned unitnok
 
�  adap
 nanapmiynep ayaib isgnuf nagned kkd jdaT naitilenep ∝ � 𝑡𝛽   adap ada gnay
arhsiM ramuhK doniV naitilenep  )3102( , o  silunep uti anerak hel  luduj libmagnem
utiay naitilenep   “ ed gnaraB naaidesreP ledoM iladneK isgnuF  ayaiB nagn
nanapmiyneP  nakapureM   reiniL isgnuF .”  
 
2.1  halasaM nasumuR  
t malad halasam nasumuR sagu  rihka  tukireb iagabes halada ini   :  
  .1  nakutnenem anamiagaB iskudorp isgnuf   adap  gnarab naaidesrep ledom  
ed gn nakapurem nanapmiynep ayaib na  reinil isgnuf  ? 
   .2 nalibatsek sisilana anamiagaB   kutneb p ledom  gnarab naaidesre  ayaib nagned
nanapmiynep   nakapurem  reinil isgnuf ? 
 
3.1  halasaM nasataB  
adA malad halasam nasatab nup  a sagut  ini rihk tukireb iagabes halada : 
  .1 p adap naksukof id aynah nahalasamreP naaidesre   imalagnem gnay gnarab
inep n natakg  nanapmiynep ayaib nagned  reinil isgnuf halada . 
   .2  kutnebreb naujut isgnuF kitardauk  aggnihreb utkaw kutnu . 
 .3 id gnay ledoM   imalagnem gnay gnarab naaidesrep ledom halada iakap
.natakgninep  
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4.1  naitileneP naujuT  
:tukireb iagabes ini rihka sagut naitilenep naujuT  
   .1 ktapadneM iskudorp isgnuf na   naaidesrep ledom  nanapmiynep ayaib nagned
nakapurem   reinil isgnuf  . 
  .2  naktapadneM itametam ledom nalibatsek  gnarab naaidesrep irad ak  gnay
 natakgninep imalagnem ed  nanapmiynep ayaib nagn nakapurem  reinil isgnuf . 
 
5.1  naitileneP taafnaM  
: halada ini naitilenep irad taafnaM  
 .1    iladnek metsys gnatnet nauhategnep habmanem kutnu nasawaw iagabeS . 
 nalibatsek halasam maladrepmem acabmep igab isubirtsnok irebmeM
 gnarab naidesrep gnatnet d apurem nanapmiynep ayaib nagne  isgnuf nak
raenil  .aggnihreb utkaw kutnu  
   .2 iagabeS  erutaretil   hupmenem gnay awsisaham igab aynsusuhk gnajnunep
 iroet hailuk atam .iladnek  
 
6.1  asiluneP akitametsiS n 
sagut nasilunep akitametsiS  utiay bab 5 pukacnem ini rihka : 
I BAB    nauluhadneP  
  nasatab ,halasam nasumur ,gnakaleb ratal nakiarugnem nauluhadneP
.nasilunep akitametsis atres ,taafnam ,naujut ,halasam   
II BAB  iroeT nasadnaL  
 lah gnatnet isireb iroet nasadnaL -  rasad iagabes nakidajid gnay lah
.rihka sagut nasilutep nakgnabmegnem kutnu iroet  
III BAB  naitileneP igolodoteM  
 edotem gnatnet nakisireb ini baB -  tapad raga nakukalid gnay edotem
nep malad nakhutubid gnay lisah helorepmem .ini rihka sagut nasilu  
VI BAB  nasahabmeP  
 arac narapamep nakisireb ini baB -  lisah naktapadnem kutnu arac
.tubesret naitilenep  
V BAB  putuneP  
 .naras nad nalupmisek nakisireb ini baB  
 II BAB  
IROET NASADNAL  
 
1.2  natakgnineP imalagneM gnay gnaraB naaidesreP ledoM   nad
nanuruneP  
 uajnitid anamid naaidesrep metsis adap nakrasadid ini ledom nakutnebmeP
 awhab nakismusa iD .gnarab nanurunep  nad natakgninep idajret taas  naaidesrep
 irad amatrep esaf
 
𝑡0    aggnih 𝑡1  naidumek ,takgninem gnay naidesrep takgnit kutnu
 utiay audek esaf 𝑡1 h aggni  𝑡2 nem gnay naaidesrep takgnit kutnu   ini tukireB  .nuru
 nakrabmagid .naaidesrep ledom  
            𝐼  
                    𝑀 
    
 
 
                                                                                                             𝑇 
    𝑡0                         𝑡1                           𝑡2 
 1.2 rabmaG  )8002( jdaT ftoL turuneM naaidesreP ledoM  
G adaP 1.2 rabma   gnarab nanurunep ledom susak utiay susak aud sahabmem
gnarab nakianek ledom nad  . d halet gnay halasam nasatab nakrasadreB  nakirebi
naitilenep adap sahabid gnay akam  natakgninep susak kutnu aynah ini   gnarab
 utkaw gnales adap nakkujnutid gnay [𝑡0, 𝑡1]  , tapad   naamasrep isgnuf nakisinifedid
: tukireb iagabes gnarab natakgninep ledom kutnu laisnerefid  
𝐼(̇𝑡) � 𝑃(𝑡) � 𝑣(𝑡) ∙ 𝐼�𝑡�      t ∈ [𝑡0, 𝑡1]      1.2(  )
 nagned 𝑣 � 𝑚�𝑡� � 𝜃�𝑡�  , 𝑃(𝑡) � 0. idesrep takgnit awhab nimajnem kutnU  naa
  utkaw irad takgninem 𝑡0    aggnih 𝑡1 hibel akaM .   naamasreP ihunemem tujnal
1.2( .)  
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𝑃(𝑡) � 𝑣(𝑡). 𝐼(𝑡) � 0     t ∈ [𝑡0, 𝑡1]                                                            )2.2(  
  :nagned  
  𝐼(𝑡) ∶ naaidesrep takgnit isgnuF  
 𝑃(𝑡) ∶ atar takgnit isgnuF - .iskudorp atar  
 𝐼0(t) ∶ lawa naaidesrep takgniT                                                                                                    .
  𝜃(𝑡) ∶ atar takgnit isgnuF - .nanurunep atar  
 𝑚(𝑡):  atar takgnit isgnuF - .natakgninep atar  
 𝑣(𝑡) ∶  atar hisileS - naaidesrep atar  
 ledom irad naujut isgnuF  natakgninep imalagnem gnay gnarab naaidesrep
: tukireb iagabes  
          𝐽 �
1
2
∫ ���𝐼(𝑡) � 𝐼�
2
� 𝐾�𝑃(𝑡) � 𝑃��
2
�  𝑡𝑑
𝑡
0
                    )3.2(  
 nanapmiynep ayaib neisifeok naidumeK h  naka sata tid naujut isgnuf adap
kutnebreb nanapmiynep ayaib neisifeok nagned itnagid   reinil �𝛼 � 𝑡𝛽 �  ada gnay
( naitilenep adap  K doniV ,arhsiM 02 𝟑𝟏  ). 
id naujut isgnuf iraD  : tukireb iagabes isaton aparebeb naklanek  
�: .nanapmiynep ayaiB  
𝐾: .iskudorP ayaiB  
𝐼:  aaidesrep takgniT naujut n  
𝑃�: .naujut iskudorp takgniT  
 turuneM ( ,jdaT   L   )8002  lamitpo gnay iskudorp takgnit iracnem kutnu
: tukireb naamasrep nakisinifedid akam  
       𝐻 �  �
1
2
���𝐼 � 𝐼�
2
� 𝐾�𝑃 � 𝑃��2� � 𝑔𝜆 ,        )4.2(  
anamiD  
𝑔 � 𝑃(𝑡) � 𝑣�𝑡�𝐼(𝑡)      𝑡 ∈ [𝑡0, 𝑡1�                          )5.2(  
 iagabes halada egnargaL isgnuF naD :tukireb  
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𝐿 � �
1
2
���𝐼 � 𝐼�
2
� 𝐾�𝑃 � 𝑃��2� � (𝜆 � 𝜇)𝑔,   𝑡 ∈ [𝑡0, 𝑡1]      )6.2(  
 nagned nakirebid lamitpo isidnok kutnu ulrep tarayS  
 
𝐻𝜕
𝑃𝜕
� 0           )7.2(  
𝐿𝜕
𝐼𝜕
� � ?̇?           )8.2(  
         
𝐿𝜕
𝑃𝜕
� 0           )9.2(  
𝜇 � 0 , 𝑔𝜇 � 0         )01.2(  
 
2.2   kutneB kitardauK  
: utiay kitardauk kutneb naksalejid ini naigab adaP  
                            𝒙𝑇𝐴𝒙                               11.2( )       
      D d na  skirtam irtne nagne 𝐴  halada 𝑐 𝑗𝑖 �  𝑐 𝑖𝑗   aumes kutnu 𝑖  nad 𝑗, 𝑐 𝑗𝑖 ∈ �, 𝑥 ∈
𝑅𝑛 𝐴 ∈  𝑅𝑛� 𝑛 P akam 11.2( naamasre  amgis isaton malad naksilutid tapad )
tukireb iagabes : 
𝒙𝑇𝐴 � � � 𝑐 𝑗𝑖 𝑥𝑖𝑥𝑗                                                                              �2. 21 �
𝑛
𝑗=1
𝑛
𝑖=1
 
( turuneM 5991 ,siweL P irad tinifed tafis  )  kitardauk naamasre 1.2( 1  tapad )
 irtemis skirtam A akiJ .A skirtam irad negie ialin gnutihgnem nagned helorepid
narukureb  n  x  n  nad 𝜆1, 𝜆2, … , 𝜆𝑛    akam A skirtam irad negie ialin nakapurem
 kitarduk kutneb 𝒙𝑇𝐴𝒙 : ihunemem  
.1   akij aynah nad akij fitisop tinifeD 𝜆𝑖 � 0 ∀ 𝑖 , 𝐼 � 1, 2, … 𝑛 
.2   akij aynah nad akij fitisop tinifed imeS 𝜆𝑖 � 0 ∀𝑖 ∋ 𝜆𝑖 � 0 
.3   akij aynah nad akij fitagen tinifeD 𝜆𝑖 � 0 ∀𝑖, 𝐼 � 1, 2, … 𝑛 
.4   akij aynah nad akij fitagen tinifed imeS 𝜆𝑖 � 0 ∀𝑖 ∋ 𝑖𝜆 � 0 
 akiJ 𝒙𝑇𝐴𝒙  kadit  kitardauk kutneb akam ,sata id tafis tapmeek ihunemem
𝒙𝑇𝐴𝒙 u tubesid nu ayntujnaleS .etinifedn kitardauk kutneb imahamem hibel kut  ,
d tukireb iagabes hotnoc nakirebi : 
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hotnoC  1.2  : 
 naamasrep halkutneB ∑ ∑
 
 � 5𝑥𝑖𝑥𝑗
2
𝑗=1
2
𝑖=1   nakutnet nad kitardauk kutneb ek
 skirtam irad tinifed tafis 𝐴  .  
:naiaseleyneP  
tukireb iagabes kitardauk kutneB  
  ∑ ∑  � 5𝑥𝑗
2
𝑗=1
2
𝑖=1  � � 5𝑥1 � 5𝑥1𝑥2 � 5𝑥2𝑥1 � 5𝑥2𝑥2 
           � � 5𝑥1
2 � 5𝑥1𝑥2 � 5𝑥2𝑥1 � 5𝑥2
2 
   � � 5𝑥1
2 � 01 𝑥1𝑥2 � 5𝑥2
2 
          � [𝑥1 𝑥2] �
� 5 � 5
� 5 � 5
� �
𝑥1
𝑥2
� 
tukireb iagabes naktapad id tinifed tafis kutnu ayntujnaleS  
 skirtam iraD  𝐴 � �� 5 � 5
� 5 � 5
� :aynnegie ialin tapadid  
                          ( teD λI � 𝐴� � 0  
   teD ��λ 0
0 λ
� � �� 5 � 5
� 5 � 5
�� � 0 
  teD    �
�𝜆 � 5� 5
5 �𝜆 � 5�
�     0 =  
  �(𝜆 � 5) (𝜆 � 5)� � (5 .5)  � 0  
                                        λ2 � 01 λ � 0  
                                       λ1 � 0  , λ2 � � 01  
 ikilimem sataid kitardauk kutneb awhab naklupmisid tapad negie ialin irad ,idaJ
.fitagen tinifed imes tafis  
 
3.2  tsnoK neisifeoK negomohnoN asaiB laisnerefiD naamasreP atna  
 iagabes nakirebid negomohnon asaib laisnerefid naamasrep mumu kutneB    
:tukireb  
𝑎
𝑑2𝑦
𝑑𝑥2
� 𝑏
𝑦𝑑
𝑥𝑑
� 𝑦𝑐 � 𝑔(𝑥)                                                                                       �2. 31 � 
 naklasimid ayntujnaleS 𝑦𝑐(𝑥) � 𝑐1𝑦1(𝑥) � 𝑐2𝑦2(𝑥)  kutnu naiaseleynep halada
 negomoh naamasrep  
𝑎
𝑑2𝑦
𝑑𝑥2
� 𝑏
𝑦𝑑
𝑥𝑑
� 𝑦𝑐 � 0                                                                                              �2. 41 � 
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amasreP 41.2( na  naklasimem nagned nakiaselesid tapad )
 
𝑦 � 𝑒 𝑥𝑟  naka aggnihes ,
 helorepid  
𝑎
𝑑2�𝑒 𝑥𝑟 �
𝑥𝑑 2
� 𝑏
�𝑒 𝑥𝑟 �
𝑥𝑑
� 𝑒𝑐 𝑥𝑟 � 0 
𝑟𝑎 2𝑒 𝑥𝑟 � 𝑒𝑟𝑏 𝑥𝑟 � 𝑒𝑐 𝑥𝑟 � 0 
𝑒 𝑥𝑟 ( 𝑟𝑎 2 � 𝑟𝑏 � 𝑐) � 0 
 ,anerak helO 𝑒 𝑥𝑟 � 0  akam 𝑦(𝑥) � 𝑒 𝑥𝑟  apurem P naiaseleynep nak  naamasre
41.2(   ialin akij aynah nad akij ) 𝑟 kiretsarak ihunemem ,kit  
𝑟𝑎 2 � 𝑟𝑏 � 𝑐 � 0         51.2( ) 
ad naiaseleyeP P ir 51.2( kitsiretkarak naamasre halada )  
𝑟1 �
� 𝑏 � √𝐷
2𝑎
 
d na  
𝑟2 �
� 𝑏 � √𝐷
2𝑎
 
  aud edro reinil laisnerefid naamasrep nalaosrep irad susuhk naiaseleyneP
ak naamasrep nagned P adap kitsiretker 51.2( naamasre  )  ialin adap gnutnagreb
.nanimirksid  
 kutneb nupadA -  halada nanimirksed ialin nakrasadreb naiaseleynep kutneb
:tukireb iagabes  
.a  rakA - ( adebreB nad laeR raka 𝑏2 � 4 𝑐𝑎 � 0) 
raka akiJ -  raka 𝑟1  nad 𝑟2  kitsiretkarak naamasrep adap 𝑎𝑟
2 � 𝑟𝑏 � 𝑐 � 0 
leynep akam ,adebreb nad laer halada P irad mumu naiase 41.2( naamasre  )
:halada  
𝑦𝐶(𝑥) � 𝑐1𝑒
𝑟1𝑥 � 𝑐1𝑒
𝑟2𝑥         61.2( ) 
 nagneD 𝑐1  nad 𝑐2 .gnarabmes atnatsnok halada  
.b  rakA - ( gnalureB raka 𝑏2 � 4 𝑐𝑎 � 0) 
raka akiJ -  raka 𝑟1  nad 𝑟2  kitsiretkarak naamasrep adap 𝑎𝑟
2 � 𝑟𝑏 � 𝑐 � 0 
( amas halada 𝑟1 � 𝑟2� leynep akam , P irad mumu naiase 1.2( naamasre 4  )
halada  
𝑦𝐶(𝑥) � 𝑐1𝑒
𝑟1𝑥 � 𝑐1𝑒
𝑟2𝑥         .2( 17) 
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 nagneD
 
𝑐1  nad 𝑐2 .gnarabmes atnatsnok halada  
.c  rakA - ( renijamI raka 𝑏2 � 4 𝑐𝑎 � 0) 
raka akiJ -a  rak 𝑟1  nad 𝑟2  kitsiretkarak naamasrep adap 𝑎𝑟
2 � 𝑟𝑏 � 𝑐 � 0 
( skelpmok nagnalib halada 𝑟1 � 𝛼 � 𝛽𝑖  𝑛𝑎𝑑  𝑟2 � 𝛼 � 𝛽𝑖 �  akam ,
leynep P irad mumu naiase 1.2( naamasre 4 halada )  
𝑦𝐶(𝑥) � 𝑒
𝑥𝛼 �𝑐1 𝑥𝛽𝑠𝑜𝑐 � 𝑐2 𝑥𝛽𝑛𝑖𝑠 �      81.2( ) 
 nagneD 𝑐1  nad 𝑐2 .gnarabmes atnatsnok halada  
 
   naidumeK 𝑦𝑝�𝑥�  akaM .negomohnon naamasrep kutnu naiaseleynep halada
mumu naiaseleynep  P irad 41.2( negomohnon naamasre  malad silutid tapad )
kutneb  
𝑦(𝑥) � 𝑦𝑐(𝑥) � 𝑦𝑝(𝑥)                                                                                                �2. 91 � 
        
hotnoC  2.2  : 
 negomohnon asaib laisnerefid naamasrep irad mumu naiaseleynep nakutneT
:tukireb  
 
𝑑2𝑦
𝑑𝑥2
� 8
𝑦𝑑
𝑥𝑑
� 21 𝑦 �  𝑥2  
naiaseleyneP : 
 uluhad hibelret nakutnenem halada nakukalid surah gnay amatrep hakgnaL
srep mumu naiaseleynep negomoh asaib laisnerefid naama . 
 
𝑑2𝑦
𝑑𝑥2
� 8
𝑦𝑑
𝑥𝑑
� 21 𝑦 �  0  
:utiay aynnegomoh naamasrep kutnu kitsiretkarak naamasrep kutnebid naidumeK  
     𝑟2 � 8𝑟 � 21 � 0 
(𝑟 � 6)(𝑟 � 2) � 0  
     𝑟1 � � 6   𝑟2 � � 2  
naiaseleynep helorepid akaM : 
 𝑦𝑐(𝑥) �  𝑐1𝑒
−6𝑥 � 𝑐2𝑒
−2𝑥  
 niaseleynep kutnu ayntujnaleS 𝑦𝑝�𝑥� :helo nakirebid  
 𝑦𝑝(𝑥) � 𝑥𝐴
2 � 𝑥𝐵 � 𝐶 
,aggniheS  
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𝑦𝑝
′(𝑥) � 2 𝑥𝐴 � 𝐵  nad 𝑦𝑝
′′ (𝑥) � 2𝐴  
 ialin nakutnenem kutnU 𝐴, 𝐵  nad 𝐶 ialin nakisutisbusid akam -  ialin 𝑦𝑝(𝑥), 𝑦𝑝
′ �𝑥�  
 nad 𝑦𝑝
′′ �𝑥�  naamasrep malad ek
𝑑2𝑦
𝑑𝑥2
� 8
𝑦𝑑
𝑥𝑑
� 21 𝑦 �  𝑥2 :helorepid aggnihes  
 2𝐴 � 8(2 𝑥𝐴 � 𝐵) � 21 (𝐴𝑥2 � 𝑥𝐵 � 𝐶) �  𝑥2 
id naamasrep kutnu neisifeok naamasek nakanuggnem nagneD   ,akam sata
 ialin helorepid 𝐴 �  
1
21
, 𝐵 � �
2
81
,  nad 𝐶 �  
2
801
 :aggnihes ,  
 𝑦𝑝(𝑥) �  
1
21
𝑥2 �
2
81
𝑥 �
2
801
 
 naamasrep nahalmujnem halada sataid nalaosrep kutnu mumu naiaseleynep ,idaJ
𝑦𝑐(𝑥)  naamasrep nagned 𝑦𝑝(𝑥) :helorepid aggnihes                                       
 𝑦(𝑥) �  𝑐1𝑒
−6𝑥 � 𝑐2𝑒
−2𝑥 �
1
21
𝑥2 �
2
81
𝑥 �
2
801
 
 
4.2     nalibatseK  
 mulebeS  gnatnet sahabid uluhad hibelret ,nalibatsek gnatnet sahabmem
: tukireb iagabes nakirebid gnay isinifed nakrasadreb muirbiliuke  
.2 isinifeD 1  )4991 ,redslO(  edro laisnerefid naamasrep nakirebid 1  utiay ?̇? �
𝒇(𝒙) lawa ialin nagned  𝑥(0) � 𝒙0   rotkev haubes , 𝒙�   ihunemem gnay 𝒇(𝒙�) �
0  .muirbiliuke kitit tubesid  
ifed imahamem kutnU :tukireb iagabes hotnoc ireb id akam sata id isin  
hotnoC  3.2  : 
uke kitit nakutneT tukireb naamasrep irad muirbili : 
?̇? � 2𝑥  
naiaseleyneP : 
 iuhatekiD  
?̇? � 2𝑥  
akam  aynmuirbiliuke kitit helorepid : 
𝒙� � 0 
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muirbiliuke kitit isinifeD  nakirebid sata id   malad nakhadumem kutnu
net isinifed nakirebid ,nalibatsek irad naitregnep imahamem  nalibatsek gnat
tukireb iagabes : 
2 isinifeD  2.  )4991 ,redslO(  muirbiliuke kitiT
 
𝒙�  akij libats nakatakid ∀ 𝜀 �
0, ∃ 𝛿 � 0  aggnihes ‖𝒙0 � 𝒙‖ � 𝛿  akam ‖𝒙(𝑡, 𝒙0) � 𝒙‖ � 𝜀  aumes kutnu 𝑡 � 0  .
 muirbiliuke kitiT 𝒙  akij kitotmisa libats nakatakid 𝒙�  nad libats kitit nakapurem
∃ 𝛿 � 0  aggnihes 𝑚𝑖𝑙
𝑡→∞
‖𝒙(𝑡, 𝒙0) � 𝒙‖ � 0  ihunemem ‖𝒙0 � 𝒙‖ � 𝛿.  kitiT
 muiribiliuke 𝒙�  akij libats kat 𝒙 .libats kadit  
ifed imahamem kutnU :tukireb iagabes hotnoc irebid akam sata id isin  
 hotnoC  4.2 : 
 tukireb laisnereffid naamasrep irad nalibatsek nakutneT ?̇?  � � 2𝑥 ned  nag
 muirbiliuke kitit helorepid ?̅? � 0 
naiaseleyneP : 
tukireb iagabes isulos irebid akam ,nalibatsek asilana id mulebeS  
      ?̇? � � 2𝑥 
     
𝑥𝑑
𝑡𝑑
� � 2𝑥  
     
𝑥𝑑
𝑥
� � 2 𝑡𝑑   
 ∫
𝑥𝑑
𝑥
� ∫ � 2 𝑡𝑑  
  nl 𝑥 � � 2𝑡 � 𝑐 
 anerak 𝑥(0) � 𝑥0  akam 𝑐 � nl 𝑥0 
aggniheS : 
       nl 𝑥 � 𝑐 � � 2𝑡 
 nl 𝑥 � nl 𝑥0 � � 2𝑡 
             nl
𝑥
𝑥0
� � 2𝑡 
                 
𝑥
𝑥0
� 𝑒−2𝑡 
                  𝑥 � 𝑥0𝑒
−2𝑡 
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 nagnurednecek tahilem kutnu ,ayntujnaleS
 
𝑒−2𝑡 :tukireb iagabes tahilid tapad  
  
2.2 rabmaG   isgnuf kifarG 𝒇(𝒕) � 𝒆− 𝒕𝟐  
2.2 rabmag nakrasadreB  akij  𝑡 → 01   akam 𝑥 → 0  awhab naklupmisid tapad ?̇?  �
� 2𝑥   anerak kitotmisa libats ujunem aynisulos  0. 
 
 
 
  
 III BAB  
IGOLODOTEM  NAITILENEP  
 
       rihka sagut nasiluneP isgnuf naiaseleynep sahabmem ini  lamitpo iladnek             
gnarab naaidesrep  natakgninep imalagnem gnay  nanapmiynep ayaib nagned  
nakapurem  isgnuf  raenil napahat nakukalid naka ini naitilenep malaD . -  napahat
:tukireb iagabes  
.1  fid naamasrep iuhatekiD natakgninep kutnu kimanid laisnere   iagabes gnarab
:tukireb  
 
𝐼̇ � 𝑃(𝑡) � 𝑣�𝑡�𝐼(𝑡) 
nuf iuhatekid naidumeK  naujut isg natakgninep susak kutnu   utkaw gnarab
:tukireb iagabes )3.2( naamasrep adap aggnihreb  
𝐽 � ∫  ��
ℎ
2
� �𝐼 � 𝐼�
2
�
𝐾
2
�𝑃 � 𝑃��
2
� 𝑡𝑑
𝑡
0
  
nanapmiynep ayaib naujut isgnuf haburem ayntujnaleS  �  susak adap
 raenil kutnebreb nanapmiynep ayaib naujut isgnuf nagned sataid natakgninep
 utiay 𝛼 � 𝑡𝛽 . 
.2   notlimaH naamasrep kutnebiD aL nad  egnarg anid laisnerefid nakrasadreb  kim
hakgnal adap naujut isgnuf nad  .1  
.3  leS  hakgnal nakrasadreb ayntujna  nakutnetid ,2 𝐻𝜕
𝑃𝜕
� 0,
𝐿𝜕
𝐼𝜕
� � ?̇?  nad
𝐿𝜕
𝑃𝜕
� 0. 
.4    iraD 𝐻𝜕
𝑃𝜕
� 0  hakgnal adap   iskudorp takgnit utiay iladnek isgnuf naktapadid 3
�𝑃(𝑡)�  .  
.5   iraD 𝐿𝜕
𝐼𝜕
�  � ?̇?  nad
𝐿𝜕
𝑃𝜕
� 0    hakgnal hakgnal adap  naktapadid 3 ?̇?. 
.6  𝑃(𝑡) ek  nakisutitsbusid 4 hakgnalid   naamasrep reffid  adap kimanid laisne
 hakgnal .1  
.7  effid naamasreP  hakgnal irad kimanid laisner aynisulos iracid 6 . 
.8   isulos naD  hakgnal adap tnu isulos nakapurem gnay 7  naaidesrep takgnit ku
 naka ,naidumek .aynnalibatsek sisilana id  
 V BAB  
PUTUNEP  
 1.5  nalupmiseK  
   naaidesrep aynada anerak nakbabesid aynasaib naaidesrep natakgnineP
 naatnimrep nakgnades naaidesrep nahabmanep aynidajret naidumek nad lawa
 hisam gnarab  VI baB adap nakukalid gnay nasahabmep nakrasadreB .tikides
:tukireb iagabes nalupmisek helorepid tapad akam  
.1   nakapurem nanapmiynep ayaib nagned naaidesrep ledom iskudorp isgnuF
:utiay susak aud nagned helorep id gnay reinil isgnuf  
.A   isgnuF
 
𝑣 nok kutneb malad :tukireb iagabes helorepid atnats  
.a  atar naamasreP - :utiay lamitpo gnay iskudorp atar  
( ) ( ) ( ) ( )( )tQvPtQevrcevrcPtP trtr −−++−−+= −21)(          𝜖𝑡 [𝑡0, 𝑡1] 
 
.b  :utiay lamitpo gnay naaidesrep takgnit naamasreP  
𝐼(𝑡) �  𝑐1𝑒
𝑡𝑟 � 𝑐2𝑒
− 𝑡𝑟 � 𝑄�𝑡�  
anamiD  
          𝑐1 �  
𝑒−𝑟𝑡1�𝐼0−𝑄(𝑡0)�−𝑒−𝑟𝑡0�𝑀−𝑄(𝑡1)�
(𝑒𝑟𝑡0)(𝑒−𝑟𝑡1)−(𝑒−𝑟𝑡0)(𝑒𝑟𝑡1)
 
                     𝑐2 �  
−𝑒−𝑟𝑡1�𝐼0−𝑄(𝑡0)�+𝑒𝑟𝑡0�𝑀−𝑄(𝑡1)�
(𝑒𝑟𝑡0)(𝑒−𝑟𝑡1)−(𝑒−𝑟𝑡0)(𝑒𝑟𝑡1)
          
          𝑄�𝑡� �
�𝛼+ 𝑡𝛽 �𝐼− 𝐾𝑣 𝑃�
�𝛼+ 𝑡𝛽 �+𝐾𝑣2
 
.B  F  isgnu �𝛼+ 𝑡𝛽 �
𝐾
� ?̇? � 𝑣2 :tukireb iagabes helorepid atnatsnok kutneb malad  
.a  atar naamasreP - :utiay lamitpo gnay iskudorp atar  
( ) ( )[ ] ( )[ ] ( )







 +
−−++




 −++−+−= )(
2
1
 
ˆ
)(2)(1)(22))(1()(11)(1)( 1111 tv
kK
IttketVtketVtketVctvktketVctvktP
βα
. 
.b  P :utiay lamitpo gnay naaidesrep takgnit naamasre  
    𝐼(𝑡)  � (𝑐1 � 𝑉1�𝑡�)𝑒
𝑘1𝑡 � (𝑐2 � 𝑉2�𝑡�)𝑒
−𝑘1𝑡 �
(𝛼 � 𝑡𝛽 )Î
𝐾𝑘1
   2         𝑡 ∈ [𝑡0, 𝑡1] 
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.2   irad helorepid ledom nalibatseK k sisilana naaidesrep takgnit avru    kutnu
 
𝑡 ∈ �𝑡0, 𝑡1�    adap     naamasrep 𝐼(𝑡) � 𝑐1𝑒
𝑡𝑟 � 𝑐2𝑒
− 𝑡𝑟 � 𝒬(𝑡).   lisaH
 avruk sisilana id  aaidesrep awhab helorep  gnay nakianek imalagnem n
lamitpo .  naaidesrep takgnit aynitrA 𝐼(𝑡)  gnay utkaw adap takgninem
.nakutnetid  
 
  2.5   naraS  
 gnatnet nakrapamem ini rihka saguT   halasam naaidesrep   gnay gnarab
 nakiaseleynem nad natakgninep imalagnem  iladnek kinket nakanuggnem nagned
 doniV nad )8002( jdaT tfoL helo isaripsniret siluneP .lamitpo  arhsiM ramuK
itnaggnem nagned )3102(  nanapmiynep ayaib neisifeok  �  tfoL adap ada gnay
 siluneP .reinil kutnebreb gnay arhsiM ramuK doniV adap ada gnay nagned jdaT
isgnuf itnaggnem nagned naknaraynem  nanapmiynep ayaib neisifeok ,naujut  
 idajnem reinil kutneb  nakgnabmekid tapad ini naitilenep uata ,reinilnoN kutneb
 nakhara id tapad gnay skelpmok hibel kutnebreb gnay naatnimrep sinej nagned
.kitsakots kutneb maladek  
naras naikimeD -  tapad acabmep agomes ,silunep nakiapmasid gnay naras
et tujnal hibel nakgnabmegnem gnatn   naaidesrep ledom adap iladnek isgnuf
natakgninep imalagnem gnay gnarab  .aggnihreb utkaw malad  
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 gnabmaT 500 iregeN )dS( rasaD halokeS naidumek
 nuhat adap  rapmaK netapubaK , gnabmaT natamaceK
002 8 102 nuhat adaP .  1  silunep nakiaseleynem  nakididneP   halokeS   hagneneM
/amatreP   lA ertneC cimalsI stM id hayiwanasT hasardaM -  rapmaK hayadiH
rapmaK netapubaK ,rumiT rapmaK naamaceK  nakididneP nakiaseleynem nad  
 /satA hagneneM halokeS id hayilA hasardaM  amas gnay kodnop/halokes   id M  A
lA ertneC cimalsI - amaceK rapmaK hayadiH t  netapubaK ,rumiT rapmaK na
02 nuhat rapmaK 41   .)API( malA nauhategneP umlI nasuruj nagned  nuhat adaP
102 5  malsI satisrevinU id iggniT naurugreP ek nakididnep naktujnalem silunep
 uaiR misaK firayS natluS iregeN nad sniaS satlukaF id   nasuruJ nagned igolonkeT
.akitametaM  
IV retsemes ayntapet ,8102 nuhaT adaP P ,  ajreK nakanaskalem silune
 id )PK( ketkarP urabnakeP II saleK natakaraysameP ialaB   luduj nagned “  asilanA
halmuJ fitpirkseD  naadaeK  sutatS turuneM asaweD neilK   sineJ naD neilK
nimaleK  B iD  iala eP K natakaraysam e I sal I urabnakeP  102 nuhaT 7”  gnay
 laggnat irad lasruN kapaB nad cS.M,dP.S ,ajaridnA nawliN kapaB helo gnibmibid
 .8102 ieM adap nakranimesid nad 8102 iraurbeF 91 iapmas iraunaJ 81
nay nuhat adap ayntujnaleS  )NKK( atayN ajreK hailuK itukignem silunep amas g
,uluH nakoR netapubaK id  ,riliH habmaR natamaceK  habmaR aseD  riliH . 
 nuhat adaP  102 9  luduj nagned anajras naiju malad sulul nakataynid silunep
 rihka sagut “ aiB nagned gnaraB naaidesreP ledoM iladneK isgnuF  ay
 isgnuF nakapureM nanapmiyneP aggnihreB utkaW kutnu reiniL  ”  hawab id
.cS.M ,dP.S ,ajaridnA nawliN kapaB nagnibmib  
